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Abstract. We provide a brief and comprehensive overview over recent developments in the field of phase-
coherent caloritronics in ordinary and topological Josephson junctions. We start from the simple case of
a short, one-dimensional superconductor-normal metal-superconductor (S-N-S) Josephson junction and
derive the phase-dependent thermal conductance within the Bogoliubov-de Gennes formalism. Then, we
review the key experimental breakthroughs that have triggered the recent growing interest into phase-
coherent heat transport. They include the realization of thermal interferometers, diffractors, modulators
and routers based on superconducting tunnel junctions. Finally, we discuss very recent theoretical find-
ings based on superconductor-topological insulator-superconductor (S-TI-S) Josephson junctions that show
interesting heat transport properties due to the interplay between topological band structures and super-
conductivity.
1 Introduction
The discovery of macroscopic thermoelectric effects and a
proper understanding of heat transport date back by al-
most two centuries [1, 2]. Recently, the interest in these
phenomena in the quantum regime has been reignited
starting with the pioneering work of Hicks and Dressel-
haus [3,4] who realized that nanostructured materials can
outperform classical thermoelectric materials. One of the
main reasons for this boost at the nanoscale is the en-
visaged great enhancement of energy harvesting efficiency
with a careful engineering of nanostructures. Mahan and
Sofo theoretically showed that the ideal efficiency can be
achieved with sharp spectral features [5] that arise, e.g.,
in quantum dots with discrete energy levels [6]. It was ex-
perimentally found that decreasing the dimension of the
system can dramatically enhance the thermoelectric ef-
ficiency [7]. Furthermore, quantum thermoelectrics and
heat transport are intimately connected to a number of
fundamental physics problems in the context of quantum
thermodynamics. For comprehensive recent reviews, we
refer the readers to Refs. [8–15].
In order to maximize the thermoelectric efficiency, one
usually wants to maximize the electrical conductance while
at the same time minimizing the thermal conductance.
The latter can be achieved, e.g., by reducing the number
of transport channels that are not thermoelectrically ac-
tive such as phonons. This reduction can be accomplished
by introducing suitable interfaces that scatter phonons or
a sunyong@thp.uni-due.de
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thermoelectric generators based on nanowires with a lim-
ited number of available phonon modes [16–18]. However,
even when phononic channels are completely eliminated,
the minimal electronic thermal conductance that can be
achieved at a given electrical conductance is often limited
by the Wiedemann-Franz law.
As an alternative route, one can actively exploit and
manage the heat which is unavoidably present in electronic
nanostructures. Very recently, a great deal of progress has
been made in this direction with the introduction of so
called phase-coherent caloritronics in superconducting cir-
cuits [19]. The key idea here is to achieve coherent con-
trol over heat flows in superconducting hybrid systems
where particular use is made of macroscopic quantum co-
herence inherent to the superconducting phase difference
in a Josephson junction [20]. In such a junction, heat
is carried by quasiparticles with energies above the su-
perconducting gap. Importantly, they can be transmitted
across the junction in normal tunneling events as well as in
Andreev-like processes where an electronlike quasiparticle
is converted into a holelike quasiparticle and vice versa
together with the creation or annihilation of a Cooper
pair in the condensate. It is these latter processes that
give rise to a phase-dependent contribution to the thermal
conductance of a Josephson junction as first predicted for
tunnel junctions [21–25], weak links [26], and point con-
tacts [27]. More theoretical works on the phase-dependent
heat transport have been recently carried out in ferromag-
netic Josephson junctions [28, 29], ac-driven systems [30],
heat current fluctuations [31], dephasing of flux qubits [32],
quantum dot hybrids [33], diffusive junctions [34], quan-
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tum point contacts [35], and unconventional superconduc-
tors and superfluids [36].
While phase-dependent heat currents have been pre-
dicted more than half a century ago [21, 22], they have
been measured experimentally only very recently [37]. This
experimental breakthrough has then triggered the concep-
tion and realization of various caloritronic devices includ-
ing thermal interferometers [38–40], heat transistors [41,
42], diodes [43–46], switches [47], thermal memory [48],
and refrigerators [49–51].
At the same time, Josephson junctions based on topo-
logical insulators (TIs) have attracted an enormous inter-
est recently. This is due to the possibility to create topo-
logically nontrivial superconducting states in such junc-
tions which can host exotic surface states such as Ma-
jorana bound states [52–54]. In particular, surface states
of a topological insulator can give rise to helical Andreev
bound states with a zero-energy crossing at phase differ-
ence φ = pi [55]. These degenerate zero-energy states are
topologically protected, i.e. in contrast to Andreev bound
states in a S-N-S junction they do not split in the pres-
ence of backscattering as long as time-reversal symmetry
is preserved. The crossing of Andreev bound state in turn
gives rise to a Josephson current that is 4pi-periodic rather
than exhibiting the usual 2pi-periodicity [56]. This frac-
tional Josephson effect has been observed in a series of
recent experiments [57–62] despite challenges arising from
quasiparticle poisoning and additional, topologically triv-
ial modes. Very recently, phase-dependent heat transport
has been suggested as an alternative way of probing the
existence of topological Andreev bound states in Joseph-
son junctions [36,47,63,64].
This review is organized as follows. In section 2, we
consider a short, one-dimensional S-N-S junction and de-
rive the phase-dependent thermal conductance within the
Bogoliubov-de Gennes formalism. Section 3 covers the key
experiments based on direct current superconducting quan-
tum interference devices (dc SQUIDs) which pave the way
for phase-coherent caloritronics. These experiments are
realizations of heat interferometers, diffractors, modula-
tors, phase-controllers and routers. In section 4, we give
a summary of the several recent theoretical works based
on the S-TI-S junctions. A recent theoretical proposal for
a phase-coherent heat circulator based on the multiter-
minal S-N-S setup is also discussed. Final conclusions are
provided in section 5.
2 S-N-S junctions
We consider thermal transport by quasiparticles above the
superconducting gap in a one-dimensional S-N-S Joseph-
son junction where the superconducting coherence length
is much larger than the junction length L such that we can
focus on the limit L→ 0. In order to describe heat trans-
port in such a junction, we make use of the Bogoliubov-de
Gennes approach where the number of degrees of freedom
is doubled to account properly for the particle-hole sym-
metry of a superconductor [65]. With a basis chosen by
spin-up electrons and spin-down holes, we can write down
the Bogoliubov-de Gennes equation
HBdGΨ
e/h
γ (x) = ωΨ
e/h
γ (x), (1)
with the Bogoliubov-de Gennes Hamiltonian given by
HBdG =
(
h(x) ∆(x)
∆∗(x) −h∗(x)
)
, (2)
where
h(x) = −~
2∂2x
2m
− µ (3)
denotes the single-particle Hamiltonian that describes non-
interacting electrons with mass m and electrochemical po-
tential µ. The hole Hamiltonian is given by −h∗(x). Elec-
trons and holes are coupled by the superconducting order
parameter which in a minimal model can be written as
∆(x) = ∆eiφLΘ(−x) +∆eiφRΘ(x). (4)
Here, we have assumed that the superconducting order
parameter has the same absolute value ∆ on both sides of
the junction. Furthermore, we assume an abrupt change
of the order parameter at the interface, i.e., we neglect any
potential (inverse) proximity effect which is a reasonable
assumption for a one-dimensional junction [66, 67]. With
the above choice of order parameters, the phase bias be-
tween two superconducting leads is given by φ = φL−φR.
In order to model scattering at the interface between
the two superconductors, we introduce a delta-barrier po-
tential V (x) = Uδ(x). Scattering at the junction can then
conventiently be characterized by the parameter Z = Um~2kF
which is related to the transmission probability of the
junction in the normal state via
τ =
1
1 + Z2
. (5)
The eigenfunctions of the Bogoliubov-de Gennes equation
are given by electronlike (e) and holelike (h) states in the
two superconductors γ = L,R, respectively:
Ψeγ,±(x) =
(
u
ve−iφγ
)
e±ikF x, (6a)
Ψhγ,±(x) =
(
v
ue−iφγ
)
e±ikF x, (6b)
where ± denotes the propagating direction along the x
axis and we have made use of the Andreev approxima-
tion which is valid when the electrochemical potential
µ  ∆,ω is the largest energy scale in the problem such
that electronlike and holelike quasiparticles have identical
momenta ~kF =
√
2mµ. The coherence factors entering
the eigenfunctions are given by
u =
√√√√1
2
(
1 +
√
ω2 −∆2
ω
)
, (7a)
v =
√√√√1
2
(
1−
√
ω2 −∆2
ω
)
. (7b)
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In order to determine the transmission probability through
the junction, we solve the scattering problem by match-
ing the wavefunctions at the boundary for the case of an
incoming electronlike quasiparticle that gives rise to re-
flected and transmitted electronlike and holelike quasipar-
ticles. The wavefunctions in the left and right supercon-
ductors can then be written as
ΨL(x) =
(
u
ve−iφL
)
eikF x
+ ree
(
u
ve−iφL
)
e−ikF x + rhe
(
v
ue−iφL
)
eikF x, (8a)
ΨR(x) = tee
(
u
ve−iφR
)
eikF x+the
(
v
ue−iφR
)
e−ikF x, (8b)
where ree, rhe, tee, and the denote the scattering ampli-
tudes of the reflected and transmitted electronlike and
holelike quasiparticles. They can be evaluated from the
boundary conditions
ΨR(0) = ΨL(0), (9a)
∂xΨR(0)− ∂xΨL(0) = 2ZkFΨR,L(0), (9b)
to Eq. (8). One then finds
Tee(ω, φ) = |tee|2 =
τ(ω2 −∆2)(ω2 −∆2 cos2 φ2 )[
ω2 −∆2(1− τ sin2 φ2 )
]2 , (10)
The(ω, φ) = |the|2 =
τ(1− τ)(ω2 −∆2)∆2 sin2 φ2[
ω2 −∆2(1− τ sin2 φ2 )
]2 . (11)
The corresponding transmission amplitudes for an incom-
ing holelike quasiparticle are given by Thh(ω, φ) = Tee(ω, φ)
and Teh(ω, φ) = The(ω, φ). Thus, the total transmission
function T (ω, φ) = Tee(ω, φ) + Teh(ω, φ) + Thh(ω, φ) +
The(ω, φ) reads
T (ω, φ) =
2τ(ω2 −∆2)
[
ω2 −∆2(cosφ+ τ sin2 φ2 )
]
[
ω2 −∆2(1− τ sin2 φ2 )
]2 .
(12)
It gives rise to the phase-dependent thermal conductance
κ(φ) =
1
h
∫
dω ωT (ω, φ) df
dT
, (13)
where f = [1 + exp(ω/kBT )]
−1 is the Fermi-Dirac dis-
tribution function at equilibrium. Therefore, the thermal
conductance of the junction depends on the superconduct-
ing phase bias φ = φL − φR and can be controlled by it.
In Fig. 1(a), we show the phase-dependent thermal
conductance for different transparencies of the junction
in the normal state. For the case of a transparent junc-
tion, τ = 1, the thermal conductance exhibits a maxi-
mum at phase difference φ = 0 and a minimum at φ = pi.
This can be traced back to the phase-dependent trans-
mission shown in Fig. 1(b). As the Andreev bound state
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Fig. 1. (a) Phase-dependent thermal conductance κ(φ) in
units of the thermal conductance quantum GQ = pi
2k2BT/(3h)
for a short one-dimensional S-N-S junction with different nor-
mal state transmissions. Temperature is kBT = ∆/2. The
transmission probability for quasiparticles is shown in (b) for
τ = 1 and (c) for τ = 0.1. White lines inside the superconduct-
ing gap indicate the energy of Andreev bound states.
approaches zero energy for phase difference pi it gives rise
to a strongly reduced transmission through the junction
which is reflected directly in the thermal conductance.
When the junction transparency is reduced, the thermal
conductance decreases as expected. In addition, the phase
dependence in the tunneling limit is qualitatively different
and exhibits a maximum at φ = pi rather than a minimum.
This change in behavior can again be understood by an-
alyzing the transmission function shown in Fig. 1(c). For
φ = pi, the Andreev bound state stays close to the super-
conducting gap. It thus gives rise to a resonant transmis-
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Fig. 2. (a) A direct current SQUID with two identical superconductors S1 and S2 residing at different temperatures T1 and T2.
RJ is the normal state resistance. (b) A false color image of the implementation of the Josephson heat interferometer. A source
(Cu) electrode is coupled to a heater for raising the temperature of the source and also to a thermometer for measuring the
temperature. Temperature variation of the drain (Cu) electrode is monitored by an attached thermometer which indicates the
transported heat currents. Three Josephson junctions comprised of superconducting Al electrodes are marked with red crosses
where the heat interference can be controlled by the magnetic flux Φ. (c) Measured temperature variation of the drain as a
function of the magnetic flux. Adapted from Ref. [37].
sion for energies slightly above the superconducting gap
which leads to an increased thermal conductance.
3 Experimental progress
While the existence of phase-dependent heat currents has
been predicted more than half a century ago [21,22], their
experimental detection has for a long time been hindered
by technical difficulties in measuring heat currents. This
has changed only very recently due to tremendous progress
in nanoscale thermometry [68] and has led to the first
experimental evidence of phase-coherent heat transport
in 2012 [37]. This ground-breaking experiment has been
followed by a series of other interesting experiments which
we will shortly review in the following.
3.1 Josephson heat interferometers
In Ref. [37], the first evidence of phase-dependent thermal
transport was reported. A Josephson heat interferometer
realized with a symmetric dc SQUID, see Fig. 2(a), is tem-
perature biased T1 > T2 giving rise to the stationary heat
flow through each of the junctions
Q˙SQUID(Φ) = Q˙QP − Q˙AR
∣∣∣∣cos(piΦΦ0
)∣∣∣∣ , (14)
where Φ is the magnetic flux through the SQUID and Φ0 =
h/(2e) denotes the magnetic flux quantum. Importantly,
Q˙AR(T1, T2) arises from Andreev-like processes where an
electronlike quasiparticle is converted into a holelike par-
ticle while creating or annihilating a Cooper pair and,
thus, carries information on the superconducting phase
while Q˙QP(T1, T2) comes from the flux-independent quasi-
particle heat flow. Q˙AR(T1, T2) vanishes if at least one
of the superconductors is in the normal state confirm-
ing that this term originates from superconducting phase
coherence. Furthermore, when T1 = T2 it follows that
Q˙QP = Q˙AR = 0 in Eq. (14) indicating that the effect
is due to the temperature bias. Finally, we remark that
we always have Q˙QP > Q˙AR, i.e., heat flows from hot to
cold in agreement with the second law of thermodynamics.
The experimental realization of the Josephson heat in-
terferometer is shown in Fig. 2(b). It consists of a source
and a drain Cu electrodes which are connected by several
superconducting contacts that serve as a heater and as a
thermometer. In between the Cu electrodes, several super-
conducting Al electrodes define three Josephson junctions
marked with red crosses in Fig. 2(b). The phase differ-
ence across two of these junctions can be controlled by
an external magnetic field. The key idea of the experi-
ment is to heat the source electrode to Tsource and mea-
sure the temperature of the drain electrode Tdrain as the
phase difference across the Josephson junctions is mod-
ulated. The temperature variation can be connected to
the heat currents in the setup via a simple thermal model
that accounts for the heat injected by the heater, the elec-
tronic heat currents between the various electrodes and
heat losses into the substrate via electron-phonon cou-
plings.
The experimentally measured temperature of the drain
electrode shown in Fig. 2(c) shows indeed the expected
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periodic modulation with the magnetic flux Φ. Further-
more, the experimental results are in good agreement with
the theoretical predictions by Maki and Griffin [21, 22].
As shown, increasing Tsource monotonically enhances the
average drain temperature Tdrain. However, it has been
observed that the amplitude of the modulation initially
increases and then saturates with larger Tsource.
In order to achieve good control over the phase bias
across the Josephson junctions it is crucial that the two
junctions forming the SQUID have identical resistances.
Due to impurities in the fabrication process, however, even
nominally identical junctions tend to have slightly differ-
ent resistances. In order to overcome this issue and achieve
a stronger modulation of heat currents with the magnetic
flux, in a subsequent experiment a double SQUID con-
sisting of a SQUID embedded into one of the arms of a
SQUID has been used [39]. This allowed for a temper-
ature modulation of about 40 mK and an almost ideal
contrast in the phase modulation of heat currents with
(Q˙maxAR − Q˙minAR )/Q˙maxAR ' 99%. Remarkably, the flux-to-
temperature transfer coefficient defined by ∂Tdrain/∂Φ can
be as large as ∼ 200 mK/Φ0 which is much larger than
previously reported values [37,69].
While in the above experiments a good control over
phase-coherent heat currents has been achieved, it was
not possible to tune the phase-bias across a Josephson
junction over the full range from 0 to pi. The latter would
allow one to change the direction of the phase-depdendent
heat current contribution from being parallel to the con-
ventional quasiparticle contribution at φ = 0 to being an-
tiparallel at φ = pi. A possibility to realize this full con-
trol over the phase was theoretically proposed in Ref. [42].
The key idea is to use a superconducting ring interrupted
by three Josephson junctions with critical currents Ic,i,
i = 1, 2, 3. If one of the junctions has a much smaller crit-
ical current than the other ones, say Ic,1  Ic,2, Ic,3, its
phase difference can be tuned continuously from 0 to pi
by varying the magnetic flux through the ring by half a
flux quantum. Experimentally, this proposal has been re-
alized in Ref. [40]. Remarkably, the additional control over
the phase bias allowed for a relative temperature modula-
tion δT/Tbath of up to 400% which is one order of magni-
tude larger than in the first experimental realization of a
thermal interferometer [37]. Moreover, the device could be
operated even at a bath temperature of Tbath = 800 mK
where a temperature variation of δT = 20 mK has been
observed.
The possibility to create a thermally biased Josephson
junction with a phase difference that is tunable from 0
to pi is not only important to increase the performance of
thermal interferometers but it is also crucial to achieve a
negative thermal differential conductance which is at the
heart of realizing thermal transistors [42], thermal mem-
ories [48] and amplifiers [70, 71] and to ultimately build
thermal logic gates [72].
Fig. 3. (a) A pseudo color image of the thermal diffractor with
a rectangular Josephson junction, to which an in-plane mag-
netic field H is applied. (b) Measured temperature diffraction
patterns in the drain (colored lines) and the theoretical curves
from the thermal model (black lines). Adapted from Ref. [69].
3.2 Josephson thermal diffractors
When an extended Josephson junction is subject to a
magnetic flux, the critical current of the junction will de-
pend in a characteristic fashion on the flux. This Fraun-
hofer diffraction pattern can, e.g., be used to gather in-
formation about the spatial distribution of supercurrent
flows [59, 74–76]. A similar effect has been predicted for
heat currents in extended Josephson junctions subject to
a magnetic flux [77]. For example, for a rectangular junc-
tion, the flux dependence of the phase-dependent contri-
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Fig. 4. (a) Schematics of a phase-tunable Josephson thermal router. With the magnetic flux Φ working as a knob, one can
spatially distribute the source heat to the drain 1 or 2 on demand. (b) A false color micrograph image of the Josephson thermal
router. (c) Measured temperature variation of the drain 1 (D1) and the drain 2 (D2) as a function of the magnetic flux at two
different bath temperatures, in excellent agreement with the theoretical curves (dashed lines). Adapted from Ref. [73].
bution to the heat current is given by the sine cardinal
Q˙(Φ) = Q˙max
∣∣∣∣∣ sin
piΦ
Φ0
piΦ
Φ0
∣∣∣∣∣ . (15)
Thus, the heat flow Q˙(Φ) exhibits minima whenever the
applied flux Φ equals an integer multiple of the flux quan-
tum Φ0.
The experimental detection of heat diffraction pattern
was achieved with the setup shown in Fig. 3(a). It is sim-
ilar to the original heat interferometer [37] in that it con-
sists of two normal metal electrodes with superconducting
electrodes for heating and temperature measurement. The
central part of the setup is now given by an extended rect-
angular Josephson junction which is subject to an in-plane
magnetic field. The resulting temperature modulation of
the drain electrode is shown in Fig. 3(b) together with
theoretically predicted temperatures based on a simple
thermal model that accounts for electronic heat flows as
well as electron-phonon couplings. The experimental find-
ings are in good agreement with the theory and exhibit
in particular the expected temperature minima at integer
multiples of the flux quantum Φ0.
3.3 Josephson thermal routers
The possibility to control the magnitude of heat currents
and, thus, to manipulate the temperature of supercon-
ducting terminals is an important feature of the various
heat interferometers presented so far. An additional func-
tionality that is of great importance for phase-coherent
caloritronics is the operation of a phase-tunable thermal
router which allows one to distribute an incoming heat
current to different output terminals. Such a thermal router
has been realized experimentally in Ref. [73]. The exper-
imental setup shown in Fig. 4(b) consists of a hot source
connected to a first superconducting island S1. The island
is connected to a drain terminal but also forms part of a
SQUID which involves a second superconducting island S2
coupled to its respective drain. As shown schematically in
Fig. 4(a), heat from the source is directed towards drain
1 when the magnetic flux through the SQUID equals an
integer multiple of the magnetic flux quantum, Φ = nΦ0.
In contrast, when the magnetic flux equals an half-integer
multiple of the flux quantum, Φ = (n + 1/2)Φ0, the in-
coming heat is directed towards drain 2 instead.
The experimentally measured drain temperatures are
shown in Fig. 4(c) for two different base temperatures.
Importantly, the device can operate in two different oper-
ation schemes depending on the base temperature. At low
temperatures, one drain is always colder than the other.
This regime is called the splitting regime. It appears for a
bath temperature of 200 mK and allows for a large tem-
perature difference of about 40 mK between the two drain
electrodes. At higher bath temperatures, the device in-
stead operates in the swapping regime. Here, at integer
flux drain 1 is hotter than drain 2 while at half-integer flux
drain 2 becomes hotter than drain 1. We remark that the
temperature variation achievable in the swapping regime
is much lower and reaches to only 4 mK.
The thermal router is an important device for effi-
ciently regulating the temperature of electrodes with a
magnetic flux. The possibility to switch thermal signals
among different channels can be an important ingredient
in realizing thermal logic [78].
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4 Topological Josephson junctions
So far, we have reviewed the theoretical description of
phase-dependent heat transport in S-N-S Josephson junc-
tions as well as recent experimental progress on phase-
coherent caloritroncs in such systems. We now turn to the
discussion of phase-dependent thermal currents in topo-
logical Josephson junctions that have received a consider-
able amount of interest recently. In a topological Joseph-
son junction, the central normal region consists of the sur-
face state of a three-dimensional topological insulator or
the one-dimensional helical edge states of a quantum spin
Hall insulator, i.e. a two-dimensional topological insulator.
In the following, we briefly summarize the differences in
the theoretical description compared to the topologically
trivial case and then report on how phase-dependent heat
transport can be used to probe the presence of topologi-
cally nontrivial Andreev bound states [63] as well as on a
thermal switch [47] and rectifier [64] based on topological
Josephson junctions.
Topological Josephson junctions can be described by
the Bogoliubov-de Gennes Hamiltonian HBdG in the basis
of spin-up electrons, spin-down electrons, spin-up holes
and spin-down holes analogous to Eq. (2) with
HBdG =
(
h(x) iσˆy∆(x)
−iσˆy∆∗(x) −h∗(x)
)
, (16)
where σˆ = (σˆx, σˆy, σˆz) is the vector of Pauli matrices and
σ0 denotes the identity matrix. The single-particle Hamil-
tonian describing the topological surface states is given
by
h(x) = −i~vF σˆx∂x − µσˆ0, (17)
where vF is the Fermi velocity. In contrast to the normal
metal case in Eq. (3), the surface states of a topological
insulator exhibit a linear dispersion relation. Furthermore,
due to strong spin-orbit interactions, they are subject to
spin-momentum locking, i.e., the spin orientation is locked
to the propagation direction. This implies the absence of
backscattering as long as time-reversal symmetry is pre-
served. The off-diagonal elements in Eq. (16) couple elec-
trons and holes and arise from the bulk superconducting
leads via the proximity effect.
4.1 Signatures of topological Andreev bound states
One of the most intriguing features of topological Joseph-
son junctions is the formation of zero-energy Andreev bound
states at a phase difference φ = pi [55]. These zero-energy
states are topologically protected, i.e., they are robust to
the presence of disorder as long as time-reversal symme-
try is preserved and can be described in terms of Majo-
rana fermions that means as particles which are their own
antiparticles. The topological Andreev bound states give
rise to a Josephson effect which is 4pi- rather than 2pi-
periodic [56]. Experimentally, the detection of this frac-
tional Josephson effect is challenging due to issues with
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Fig. 5. (a) A setup with SQUID geometry to detect topological
Andreev bound states via phase-dependent heat currents. The
phase difference between two superconductors SL and SR re-
siding at respective temperatures TL and TR can be controlled
by a magnetic flux Φ. Normal metal electrodes N1-N4 act as
heaters and thermometers. (b) Phase-dependent thermal con-
ductance κ(φ) in units of thermal conductance quantum GQ
at kBT = ∆/2 with different barrier transparencies Z for a
short one-dimensional S-N-S and S-TI-S junctions. Adapted
from Ref. [63].
quasiparticle poisoning and the presence of additional topo-
logical trivial modes. Nevertheless, there has been a num-
ber of recent experiments that could indeed observe signa-
tures of topologically nontrivial Andreev bound states [57–
62,79–81]
As an alternative way to probe the existence of such
exotic low-energy Andreev bound states, in Ref. [63] it was
suggested to investigate phase-dependent heat currents in
topological Josephson junctions. In contrast to the frac-
tional Josephson effect, heat transport measurements are
immune to quasiparticle poisoning since heat currents are
carried by quasiparticles with energies above the super-
conducting gap, i.e. the quasiparticle number is intrinsi-
cally fluctuating in a thermal transport scenario. Further-
more, it has been demonstrated in Ref. [63] that the char-
acteristic signatures of zero-energy Andreev bound states
are also clearly visible in the presence of additional gapped
modes.
The thermal conductance of a topological Josephson
junction can be obtained in full analogy to the trivial S-
N-S case presented in Sec. 2 by solving the Bogoliubov-de
Gennes equation based on the Hamiltonian (16). Match-
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ing the wave functions at the interface between the two
superconductors gives rise to the transmission probabil-
ities for electronlike and holelike quasiparticles, Te(ω, φ)
and Th(ω, φ), respectively. They are given by
Te,h(ω, φ) = ω
2 −∆2
ω2 −∆2 cos2 φ2
. (18)
Importantly, the quasiparticle transmission probability in
Eq. (18) is independent of the interface potential barrier.
This is in direct contrast to the transmission function
of an S-N-S junction, cf. Eq. (12). The physical mecha-
nism behind this is the spin-momentum locking caused by
the strong spin-orbit coupling in the topological insulator.
It forbids backscattering in the presence of time-reversal
symmetry and, thus, leads to a superconducting analogue
of Klein tunneling [82] for quasiparticles. The transmission
function in turn determines the phase-dependent thermal
conductance
κ(φ) =
1
h
∫
dω ω
∑
i=e,h
Ti(ω, φ) df
dT
. (19)
It is shown in Fig. 5(b) together with corresponding ther-
mal conductances of S-N-S junctions. Due to the super-
conducting Klein tunneling, the thermal conductance is
completely independent of the junction transmission τ =
(1 + Z2)−1 in the normal state. In particular, it always
exhibits a minimal value at phase difference pi. This is in
contrast to the behavior of a S-N-S junction where the
thermal conductance changes from a minimum at φ = pi
in the transparent case to a maximum at φ = pi in the
tunneling limit. The reason for the robust minimum in the
topological case is the existence of a protected zero-energy
Andreev bound state. As detailed in Sec. 2, it strongly re-
duces the transmission of quasiparticles above the super-
conducting gap and, thus, also the thermal conductance.
In the limit of low temperatures, x = ∆/kBT  1,
the minimal and maximal thermal conductance of a topo-
logical Josephson junction can be obtained analytically as
κ(φ = 0) =
2k2BT
h
(x2 + 2x+ 2)e−x, (20a)
κ(φ = pi) =
4k2BT
h
(x+ 1)e−x. (20b)
Both thermal conductances are exponentially suppressed
due to the exponential suppression of quasiparticles avail-
able for thermal transport. While the maximal thermal
conductance goes as x2, the minimum thermal conduc-
tance goes as x. This means that by lowering the temper-
ature, the amplitude of the conductance oscillation can be
increased. As this has to compete against the overall expo-
nential suppression of conductances at low temperatures,
the optimal conditions for detecting the phase-dependence
arise for intermediate temperatures kBT ∼ ∆.
While the above discussion has been carried out for
the case of a one-dimensional junction, it has been shown
in Ref. [63] that qualitatively similar results also hold for
a two-dimensional junction based on surface states of a
three-dimensional topological insulator. This is again in
contrast to S-N-S junction. Therefore, using the thermal
conductance measurements, one can experimentally dis-
tinguish topological and trivial modes by adjusting the
transparency of the junction as indicated in the schematic
setup shown in Fig. 5(a). Using realisitic parameters for
this type of setup, it was estimated that a temperature
variation of the cold superconducting electrode between
360 mK and 380 mK can be achieved for single-channel
Josephson junctions which is well within the reach of present
experimental measurement sensitivity.
4.2 High-efficiency thermal switch
In the previous section, we have demonstrated how phase-
coherent thermal transport can be used to gather infor-
mation about fundamental physics such as the presence of
Majorana fermions. At the same time, topological Joseph-
son junctions can also be used to design devices for phase-
coherent caloritroncs. For example, in Ref. [47] it was
shown that a topological Josephson junction subject to
a magnetic flux can operate as a highly efficient thermal
switch. The operational principle relies on the Doppler
shift of the superconducting condensate which arises from
screening currents that flow in response to the magnetic
flux [83, 84]. The required magnetic fields are of the or-
der of mT hence both, superconductivity and the helical
edge conductance remain intact [85] with no backscatter-
ing induced [86]. Importantly, the Dopper shift can close
the induced superconducting gap in the edge states at a
critical magnetic flux, thus lifting the exponentially sup-
pressed thermal conductance of the superconducting state.
Importantly, the gap closing occurs at one given critical
flux for the edge channels which is in stark contrast to the
case for systems with bulk modes where each mode has
its own critical flux. Thus, the switching effect is robust
with respect to the unintentional transport through the
lowest bulk modes where each conducting channel closes
at a different magnetic flux.
The corresponding setup is shown in Fig. 6(a) and con-
sists of a Josephson junction based on edge channels of a
two-dimensional topological insulator. The junction has
length L and width W . The latter is assumed to large
enough to guarantee a negligible overlap between helical
edge channels on opposite sides of the junction. A mag-
netic field B is applied perpendicular to the junction and
gives rise to the threaded magnetic flux Φ = BLW .
The Hamiltonian describing the helical edge channels
is modified in the presence of a magnetic flux and reads
for the upper and lower helical edge states
h(x) = vF σˆx
(
−i~∂x ± pS
2
)
− µσˆ0, (21)
where
pS =
piξ0∆
vFL
Φ
Φ0
(22)
is the screening-current-driven Cooper pair momentum
due to the finite magnetic flux Φ. Here ξ0 = ~vF /∆ is
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Fig. 6. (a) A Josephson junction based on a two-dimensional
topological insulator. A magnetic flux Φ is applied to the junc-
tion of length L and width W , which then gives rise to the
Cooper pair momentum pS arising from screening currents in-
side the superconductors. (b) Flux-dependent thermal conduc-
tance κ(Φ) for a junction length L = ξ0 with several average
temperatures T . (c) Temperature variation of the right super-
conductor TR versus Φ for several junction lengths based on the
simple thermal model with Tbath = 50 mK and TL = 100 mK.
In (b) and (c), the results are shown with ∆ = 0.125 meV and
φ0 = 0. Adapted from Ref. [47].
the superconducting coherence length. Due to this addi-
tional Cooper pair momentum, the energies of right and
left movers are Doppler-shifted by vF pS relative to each
other. Hence, the gap of the whole system closes if this
shift of energy is larger than the superconducting gap, i.e.,
if vF pS > 2∆. Moreover, in the presence of magnetic flux,
the phase difference φ is not a gauge-invariant quantity
but depends on the coordinates. One can however neglect
the screening effects arising from the magnetic field gen-
erated from the Josephson current by assuming that the
junction size is much smaller than the Josephson penetra-
tion depth (a good approximation for generic nanoscale
junctions), in which case
φ =
2piy
W
Φ
Φ0
+ φ0, (23)
with φ0 being the phase difference at y = 0 which is the
middle line along the junction with the edge channels lo-
cated at y = +W/2 and y = −W/2. By solving for the
eigenfunction of the Bogoliubov-de Gennes Hamiltonian
and matching wave functions at the interface, one obtains
the transmission function of the junction and, thus, the
flux-dependent thermal conductance.
Figure 6(b) shows the thermal conductance of a junc-
tion with length L = ξ0 for three different base temper-
atures as a function of magnetic flux. At 100 mK, the
thermal conductance is exponentially suppressed around
Φ = 0 due to the superconducting gap. When a small
magnetic flux of Φ = (2/pi)Φ0 is applied, the thermal con-
ductance is sharply increased to a value of about κ ≈ 2GQ
where GQ = pi
2k2BT/(3h) is the quantum of thermal con-
ductance. This abrupt switching behavior with a magnetic
flux can be traced back to the aforementioned Doppler
shift which can completely close the superconducting gap
leading to a substantial increase in thermal conductance.
At elevated temperatures, the thermal conductance re-
mains finite even at vanishing flux due to thermally ex-
cited quasiparticles. Furthermore, the switching behavior
is smeared out thermally. Nevertheless, the flux-controlled
thermal switch operation still remains effective. A quali-
tatively similar behavior can be observed for longer junc-
tions. The main quantitative difference is that the switch-
ing with magnetic flux becomes smoother as the junction
length is increased which can be used to control the switch-
ing characteristics.
To demonstrate the experimental feasibility of the pro-
posed setup, in Fig. 6(c) the temperature of the right
superconductor is shown as a function of magnetic flux
assuming that the left superconductor is heated to a con-
stant temperature. In order to calculate the temperature
of the right superconductor, a simple thermal model has
been used which accounts for electronic heat currents as
well as electron-phonon couplings where parameters have
been estimated from existing experiments on supercon-
ducting caloritroncs. As can be seen, a temperature vari-
ation of about 25 mK can be achieved upon varying the
magnetic flux. This corresponds to a relative temperature
varation of R = (TmaxR −TminR )/TminR ∼ 40%. This value is
significantly larger thanR ∼ 20% which has been achieved
in heat modulators based on conventional superconduct-
ing tunnel junctions [39]. Furthermore, the proposed heat
switch is robust against a variation of parameters even in
the presence of bulk modes and hence provides an impor-
tant ingredient in the toolkit of nanoscale thermal logic
and heat management [19].
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Fig. 7. (a) A sketch of TSQUIPT consisting of two super-
conductors on top of two-dimensional topological insulator to
which a third normal metal probe is tunnel coupled. Two su-
perconductors maintain the same temperature Tjunction while
the probe with temperature Tprobe can be colder or hotter than
the junction defining the forward (J+) or backward (J−) heat
flow. (b) The asymmetric forward and backward heat cur-
rents as a function of the magnetic flux Φ for a junction of
length L = ξ0 and φ0 = 0. In obtaining J+, the hot and cold
temperatures are respectively Thot = Tjunction = 0.9 TC and
Tcold = Tprobe = 0.1 TC where TC is the superconducting criti-
cal temperature. J− can be evaluated with a reversed temper-
ature bias. (c) The relative rectification coefficient [Eq. (25)]
with L = ξ0, φ0 = 0, Thot = 0.9 TC and Tcold = 0.1 TC for
a passive mode (Φ = 0) and an active mode. For the latter,
Φ = 4Φ0 for a forward bias whereas Φ = 0 for a backward bias
configuration. Adapted from Ref. [64].
4.3 Thermal rectification in TSQUIPT
A topological Josephson junction based on a two-dimensional
topological insulator as introduced in the previous sec-
tion can also be used to realize a so called topological
superconducting quantum interference proximity transis-
tor (TSQUIPT). It consists of an additional normal metal
contact which is coupled to one of the edges of the topolog-
ical insulator, cf. Fig. 7(a). A TSQUIPT has been shown
to provide a sensitive absolute magnetometer without the
need for a ring structure [87]. The latter is a great advan-
tage over nontopological SQUIPTs [88, 89] and conven-
tional SQUIDs in its implementation. The working prin-
ciple of a TSQUIPT-based magnetometer is that the volt-
age drop generated across the system decays to a con-
stant value with an applied magnetic flux in a nonperi-
odic fashion. This is in stark contrast to the 2pi-periodic
flux dependence of magnetometers based on conventional
SQUIDs which allows only for the measurement of relative
field strength.
A thermal diode based on a TSQUIPT has been sug-
gested recently [64]. It can reach a rectification coefficient
of up to 145%. The rectification mechanism arises from
the fact that the density of states of the edge channels
aquires an implicit temperature dependence via the tem-
perature dependence of the induced superconducting gap.
At the same time, the density of states of the normal metal
contact is temperature independent which gives rise to an
asymmetric temperature response of the topological junc-
tion.
The full nonlinear heat current between the topological
junction and the normal metal probe is given by
J =
1
e2RT
∫
dωωρP(ω)ρTI(ω) [fP(ω)− fTI(ω)] , (24)
where ρP(ω) and ρTI(ω) denote the density of states of the
probe and the topological junction, respectively. Similarly,
fP(ω) and fTI(ω) are the Fermi distribution of the probe
and the superconducting leads. The above expression for
the heat current is valid in the tunneling limit where the
contact resistance satisfies RT  h/e2.
The normalized heat current J ′(Φ) = J(Φ)/J(Φ→∞)
flowing in response to a temperature bias between super-
conducting leads and the probe terminal is shown as a
function of magnetic flux in Fig. 7(b). It is asymmetric
with respect to the direction of the temperature bias due
to the temperature dependence of the superconducting
gap. The relative rectification coefficient
R(%) = 100
|J+| − |J-|
|J-| (25)
can reach an optimal value of 145%. The rectification ef-
ficiency can be further increased by actively closing the
quasiparticle gap only in the forward direction via the
thermal switch effect proposed in Ref. [47]. In this case, R
can reach values of up to 106% for a temperature of the hot
junction below the superconducting critical temperature
as displayed in Fig. 7(c).
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Fig. 8. (a) An illustration of the thermal circulator based on a
three-terminal Josephson junction. (b) Rectification efficiency
R versus normalized magnetic flux α with various tempera-
tures. (c) κ21/κ12 versus φ1 and φ2 at kBT = 0.1∆ and α = 0.
Adapted from Ref. [90].
4.4 Phase-coherent thermal circulators
In addition to the growing interest in topological materi-
als, there has been an interest in systems that allow for the
simulation of topologically nontrivial band structures with
trivial materials. A particular emphasis has been devoted
to multi-terminal Josephson junctions [91–95]. Here, the
superconducting phase differences form the analogon of
crystal momenta while the Andreev bound state energies
correspond to the energy bands in a crystal. For a junction
with at least four terminals, three independent supercon-
ducting phase differences form a sufficiently large num-
ber of degrees of freedom to mimic the behavior of Weyl
points in the Andreev spectrum [91, 92, 95]. Similary, in
three-terminal junctions, the two superconducting phases
together with a magnetic flux through the junction can be
used to realize nontrivial Andreev bound state spectra of
interest [93,94].
In addition to the potential of simulating topological
band structures, multi-terminal Josephson junctions are
also of interest for phase-coherent caloritronics [90]. In
particular, they allow for the realization of heat circulators
which are analogous to microwave circulators in electron-
ics [96]. Compared to circulators based on the quantum
Hall effect which requires large magnetic fields of several
Tesla [97,98], systems based on multi-terminal Josephson
junctions offer the advantage of relying on much smaller
magnetic fields which are compatible with superconduc-
tivity and thus allow for the integration into other phase-
coherent caloritronic devices.
A possible minimal setup for such a heat circulator is
shown in Fig. 8(a). It consists of three sites with energies
εi, i = 0, 1, 2 which are tunnel coupled among each other.
Each site is also coupled to a superconducting electrode
whose order parameter has the phase φi. Furthermore, the
junction is subject to a perpendicular magnetic field that
gives rise to the flux ϕ. The thermal conductance from
terminal j to terminal i is given by
κij(φ1, φ2) =
1
hT
∫
dω ω2 [2δij − Tij ]
(
−∂f
∂ω
)
. (26)
The transmission probability Tij depends on energy and
magnetic flux as well as on the superconducting phases
φi. Without loss of generality, we can set φ0 = 0 such that
the thermal conductance is controlled by the two phases
φ1 and φ2 independently. Importantly, in the presence of
magnetic field B = ∇×A, one should consider the gauge-
invariant phase γij = φi − φj − 2pi/(h/2e)
∫ i
j
A · ds where
the integration of the vector potential A can be taken
along an arbitrary path ds connecting the two supercon-
ductors i and j.
Having evaluated all the thermal conductances among
the superconductors, i.e., κij (i, j = 0, 1, 2), the efficiency
of the circulator can be quantified by
R =
κ 	− κ 
κ 	+ κ 
, (27)
where κ 	= κ02κ21κ10 and κ = κ01κ12κ20 respectively
describe the counterclockwise and clockwise heat circula-
tion along the junction. Thus, R vanishes if there is no
heat circulation as κ 	= κ in Eq. (27), while |R| = 1
for either a perfect clockwise (R = −1) or a perfect coun-
terclockwise (R = 1) heat circulation.
In Fig. 8(b), R is shown as a function of the normal-
ized magnetic flux α = ϕ/φ0 with φ0 = e/h. Remarkably,
the device exhibits almost an ideal efficiency with coun-
terclockwise heat circulation, i.e., R ≈ 1 upon applica-
tion of a small magnetic flux 0 < α < pi. When half a
magnetic flux quantum penetrates the junction, the cir-
culation efficiency vanishes due to symmetry. When the
magnetic flux is further increased pi < α < 2pi, the de-
vice shows again an almost perfect heat circulation which
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is now clockwise, R ≈ −1. Hence, the direction of heat
circulation can be manipulated easily without the need
for reversing a large magnetic field. The thermal conduc-
tance rectification κ21/κ12 can actually be as large as 100
without breaking the superconductivity with an increased
average temperature. This is mainly due to the thermally
excited quasiparticles at elevated temperatures. The heat
flow in the forward direction is estimated to be of the or-
der of 100 fW with Al superconductors and a temperature
gradient 100 mK.
Figure 8(c) displays the rectification κ21/κ12, tuned
with two superconducting phases φ1 and φ2 when no mag-
netic field is applied reaching values as large as 7 in an
optimum phase bias. Thus, the time-reversal symmetry
breaking by superconducting phases can also realize a
good circulator.
In Ref. [90], it is also shown that the circulator effi-
ciency is quite robust with respect to the disorder. As this
device has been shown to be a prototype for simulating
topologically nontrivial band structures [93,94], it will be
worthwhile to explore the topological nature in thermal
conductance of the multiterminal Josephson junctions.
5 Conclusions
In this topical review, we have discussed both theoretical
and experimental developments of phase-dependent heat
transport in ordinary and topological Josephson junctions.
Starting from the theoretical description of the phase de-
pendence of the thermal conductance in the simplest ex-
ample of a short, one-dimensional S-N-S junction with
a Bogloiubov-de Gennes description, we have reviewed
recent key experiments in ordinary Josephson junctions
based on various dc SQUID structures. Finally, we have
discussed theoretical developments in the phase-coherent
caloritronics with topological Josephson junctions where
the phase-dependent thermal conductance can be used
not only to gather information about topological Andreev
bound states but also to implement new device function-
alities.
Importantly, the half-a-century gap between the first
theoretical prediction of phase-dependent heat transport
in Josephson junctions and its experimental verification
has been finally filled in recent years. This has proven to
be the starting point of a new field in nanoscience, namely
phase-coherent caloritonics. It can be expected that in
the near future many other caloritronic devices will be
proposed and, subsequently, realized experimentally. Ul-
timately, nanoscale caloritronics can help in achieving an
efficient management of waste heat in nanostructures and
can, thus, help to contribute to future efficient electronic
devices.
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